Eg PHYSICSLETTERS A

A R— =

A homoclinic hierarchy
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Abstract
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A homoclinic orbit of an autonomous ordinary orbit which exists at p= By If this is the case we

1" SO, [, S : 2 N 2 RPN TORPAT, WU SRR NI 1IN S ¥ SR SUSUNIOU
= - =i = = ‘ (3 @

iﬁ N !

el ot

HU IUIECL 1aYe @ NULLIUVILIIG QI UKL VIUDG WU LIC ULIEs™ Ul UL, alUlUugt]l Uit UGt Clivil Ul uiCe vanuivauuil 1w
. . . » .

r r-_p. E. K-"’-"-M‘”t;rh!—-b.ﬁ‘%_'iu—*iﬂ‘ﬂ";"-’lm r:ﬁi o it |
e)\‘( uy} there is no homoclinic orbit close to the cations, for which the homoclinic orbit loops several
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on the linearized flow near the stationary point.
Suppose that the stationary point is hyperbolic. Then,
after a change of coordinates we may assume that it

ig at the arioin far all valnes nf 1+ which are nf
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interest and the family of differential equations can
be written in the form

i=Ax+F(x, pn) (D
for x& R", n> 2. Here F(0, u)=0, A is a con-
stant n X n matrix and F is smooth and contains

onlv nonlinear terms. Assume that if n= 0 then the
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dominant eigenvalues is {v,, v,, A}, with v, = v,
€ C\R, A, €R, and Re(v) + A, # 0.
This case can occur if n> 3. There are two

cnthracac
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(11a) Re(v,) + A, <0. The bifurcation is essen-
tially the same as case (I).

(I1b) Re(v,) + A, > 0. If =0 there are chaotic
solutions in a tubular neighbourhood of the homo-
clinic orbit, There are sequences of saddle-node bi-
furcations accumulating on p =0 from both sides,

and qamannas of {sanmatrirally mare camnlicatad)
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no homoclinic orbits close to x; (by close we mean
snfficienfly smalL] x(£) — ¢

(III) Bifocal homoclinic orb:t The set of domi-

epvalnes ig { b2 2} it = A

DO

and {v}, i=1,....n, n + n,=n, such that Re(A;) there are more complicated homoclinic bifurcations
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Re ( < Dol 1. 2 0 The results sketched above form the basis of
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<Re(A;) <Re(A,) <

Typically, trajectories which tend to x=0 as 1 -
do so tangential to the eigenspace corresponding to
those eigenvalues with Re(y;) = Re(v,), which we

_ refer to as the dominant stable_eigenvalues. Simi-  with homoclinic orbits to stationarv points satisfvine
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those with Re(A;) = Re(A;). We assume that the
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about the saddle—node penod doublmg and Hopf
—
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literature it is extraordinary that (to the best of our
knowledge) no unambiguous examples of case (III)
have been described to date. There are examples
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[11,12]. A piecewise linear example of case I is

. homogclinic Qrbn._x.it) is Wm&a%?_dcsmmd in Ref, (131 and here we use the same
| — _d- 3

mant eigenvalues 1s {v;, A}, with v, A, €K, and
v, + A, #0

In thic cacge {mhlrh can occur for n> '7\ nrovide
an thas gase \wadl

some genericity col
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evidence for the existence of a bifocal homochnic
orbit. In so doing we derive a hierarchy of equations

in twn then three and then fonr dimencinng Racrh
m two, ien three, ang then our ammensions. xach

equation is obtained from the previous system by
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exists in either u <0 or >0 [2]. As u tends to
zero from the approprlate snde the penodlc orbit

dimension. In principle this construction could be
extended to obtam a hxerarchy of equatlons in hlgher
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stable if », + A, <0, otherwnse 1t is a saddle.
(II) Saddle-focus homoclinic orbit. The set of

Simple examples of interesting dynamical phe-
nomena have been constructed using a variety of
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techniques Améodo Coullet and Tresser [14] used In coordmates (x x,, z) defined by x=x.e +
[

the adjoint elgenvectors of the linear part ofa ‘seed”’ X, =Mx,, X,=vx,—2z, i=¢€x,+vz, (6)
and an extra variable in such a way that the linear with eigenvalues A, >U and v, £y = €, . Hence 1t
part of the new equation has the desired spectral €, > 0 the linear part of (3) satisfies the conditions of
condition. We then appeal to perturbation theory and case (ITa). S.mce !?.cmechmc bifurcations are typi-
numerical experiment to suggest that the dynami- cally of codimension one we expect (at least for
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can in turn be treated as a ‘‘seed’’ equation and the then () provides an example ol case (lla).
process can be repeated. The use of adjoint eigenvec- Similarly, if we consider

tors is not entirely necessary (one could try trial and
error) but ensures that complete control of the spec-
- mrhmna:mﬂm“nuﬂmm
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are easy to find, so let

w=e,(el - x)+Aw,

and A, +{/— €, and so, using (4), under similar
assumptions we obtain homoclinic bifurcations of
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tion of the plane to itself which contains only nonlin- W= 62( el - x) + AW
ear terms, f(0, u)=0 and there is a homoclinic "
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we should be able to find bifocal homoclinic bifurca-
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eigenvectors (see e.g. Ref. [16] for a discussion of dimensional system
adjoint eigenvectors in dynamical systems). Thus ,
- s F — o + T T s __ . __ X ~ 2o 00
A'e,=ve;, Alel=Ae,, el e, =¢-e,~=0 and X=y, Yy=0x—y—ox T puxy, )
the eigenvectors can be normalized so that ef - e, = . . . X
. g_ 1 £ for which there is strong numerical evidence that a
Fu - cu 1

homoclinic orbit exists if @ = uy = 1.164371. For

3 the first b f the h li
Eg. (3) is the first member of the homoclinic this example, in the notation of (3),

hierarchy. Now define the extended system

i=Ax—ze,+f(x, pn), A=(0 l)’ f(x, ")"( ’ \)

\6 —1) —6x2+,u,xy,’

t=e(el - x) + vz, (5) (10)



158 P. Glendinning, C. Laing / Physics Letters A 211 (1996) 155-160

] { (a) 1 q )
|
!

wh o

" "
102 1 108 10811912 1.14 116 11R . 19

©

PERIOD

NS AVL BAfl AW WAME €] T Ul SUVTTLNE UV GPPAVELVIL U WV SUMPIV PUVLIVUIL UVLUILL WV WIS BULHVALULG UVLUIL \W) A HUHRASIIIG VIUIL UL \JJ Wil

= £ [P LF“"‘B' {-Q e} 1r £\ 4 PR 1o ofeN . ! .




P. Glendinning, C. Laing / Physics Letters A 211 (1996) 155-160 159

P! {oy [

e e e S

homoclinic orbit.
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w=¢,3x+y) +2w,
?

—  Yerystrong evidepce for the sxjistence,

follow a periodic orbit to very high period provides
£ homa-
CIINIC OrOIl, DUt WE Nave also QOne Turtner numerical
experiments to add more weight to our claim. The

. e
y=d.&'—y-r%4—gw—5x TOAY,

plane spanned by e, = (0, 0, 0, 1)™ and e_ (extended

- £

wArlthongh our arg_ument for the existence of homo-
chmc orblts in (12) (and hence (5) and @) is
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features of the orbits, in particular the spiralling
motion near the stationary point, is much clearer at
these vaiues. In all cases, the approxirnate parameter

manifold is tangential to the plane spanned by e,
(extended to R") and €= (1 0, 0 0)T If a homo—
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1, 2) We use larger values of the parame- that a p_)omt of intersection hes in the hyperplane
@

of this intersection we integrated points on a circle of
initial conditions enclosing the origin on the linear
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dpproXu’nauon to the local unsiable manifold for-
A slen £2

1) S
high period with changing parameter. The homo-
clinic orbit can be thought of as the limit of this orbit
as the period tends to infinity.

Fig. 1 shows the results of three sets of numerical
experiments obtained using AUTO [17]. In Figs. 1a,
1b we have set €, =w =0 (equivalent to choosing

(5) with A and f mven by (10) and the adjoint

illustrating the familiar logarithmic increase in pe-
riod as the orbit approaches the homoclinic orbit in
case (T1a) with =01

Cads uia,; Wwiai (1 = Vel In F}g. 1"‘ we show a
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2<x< 2.5 (if such an 1ntersecnon ex1sts). In this
way we obtained a series of points on a curved line
segment, U. A similar exercise in reverse time using
initial conditions on the linear approximation to the
1anal atahla avaemifa rmenursdad o can~n A Arrern A lin
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segment, S. This numerical experiment was repeated
at different values of u. Using polynomial interpola-

was calculated using Newton’s method on the

parametrized curves. Now let n be the vector ob-
tainad in thig way with =064 and u( u‘ the
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homoclini¢_orbit for this svstem with €, = 16 and  vector obtained at nearby values of wu. These results
“— 23 i

Figs. lc, 1d shows similar plots for €, =2z=0

and_e..= 16 (eanivalent to (7). 7 =0 is an invpriant _____A zero of this siened distan
- - X

manifold). In OIS case, as expected I0T D), the
periodic orbit undergoes a sequence of saddle-node
bifurcations as it npnnd tends to mf'mtv The homo-

clinic orbit at u= —1.351357 is 111ustrated in Fig.
1d.

sign(n « u( ) u(p).

T IS Tm N
cates an itersection between > and U, and nence’ ing
existence of a homoclinic orbit. If, in addition, the
sign of the signed distance function changes, then the

famlly of differential equations parametrized by u
passes transversely through the codimension one sur-
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tions and numerically obtained normalized eigenvec-
tors, that for 0.55 < u < 0.64 the signed distance
function is positive (and equal to 0.004617 at pu =
0.64 whilst for 0.65 < . < 0.71 the signed distance
function is negative (and equal to —0.002365 at
i = 0.65). This strongly suggests that for some val-
ues of u between 0.64 and 0.65 there is a zero of the
distance function, and hence a homoclinic orbit for
the differential equation (12) Linear mterpolatlon

cation, in excellent agreement with the value ob-
tained by following periodic orbits.

We have written down a hierarchy of differential
equations which illustrate the four fundamental ho-
moclinic bifurcations. In particular, we have ob-
tained a smooth example of a bifocal homoclinic
bifurcation (case (III)). So far as we are aware, this
is the first such example (in Ref. [13] a piecewise
linear example is studied, for which the existence of
a bifocal homoclinic bifurcation can be proved using
perturbation theory, but this does not satisfy the
standard smoothness conditions of Shilnikov’s re-

are_non-generic, having either a Hamiltonian or re-

We look at the existence of bifocal homoclinic orbits
in this light elsewhere [8]: in particular, we explore
several codimension two bifurcations involving bifo-
cal homoclinic bifurcations. The normal form (13)
has codimension greater than two, and we consider
this to be too large for useful analysis in the absence
of some concrete physical motivation.

C.L. is grateful to the Cambridge Commonwealth
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The observant reader will have noted that one
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